New fixed point and coupled fixed point theorems in partially ordered ν-generalized metric spaces are presented. Since the product of two ν-generalized metric spaces is not in general a ν-generalized metric space, a different approach is needed than in the case of standard metric spaces.
Introduction and Preliminaries
Throughout the paper, the sets of integers, nonnegative integers, and positive integers are denoted, respectively, by Z, Z + , and N; the sets of real numbers and nonnegative real numbers are denoted, respectively, by R and R + .
1.2.
Partially ordered spaces and coupled fixed points. Nieto and Rodríguez-López initiated in [14] the use of another enrichment of metric space structure by using additional partial order. A lot of researchers obtained several results in such structures. Among them, Bhaskar and Lakshmikantham started in [5] investigation of so-called coupled fixed points. They proved the existence of coupled fixed points for contractive mappings in partially ordered complete metric spaces. These and similar results were later obtained by different methods; see, e.g. [4, 12, 13, 17] . Assume that (E, ) is a partially ordered set and that F : E × E → E is a mapping. The notions of a coupled fixed point of F and the (strict) mixed monotone property has become standard, so we omit them here. Given a pair (x, y) of elements in E, the Picard iterates {F n (x, y)} and {F n (y, x)} are defined, inductively, as follows. Let F 0 (x, y) = x, F 0 (y, x) = y, and then, for n ∈ Z + , F n+1 (x, y) = F F n (x, y), F n (y, x) , F n+1 (y, x) = F F n (y, x), F n (x, y) .
In 2012, Berinde and Pȃcurar [4] presented more general coupled fixed point theorems in partially ordered metric spaces (E, , d).
Theorem 1.5 ([4]).
Let (E, , d) be a complete partially ordered metric space, and F : E × E → E be a generalized symmetric Meir-Keeler type mapping, i.e., for every ǫ > 0, there exists δ > 0 such that, for x u and y v, ǫ ≤ d(x, u) + d(y, v) <ǫ + δ =⇒ d(F (x, y), F (u, v)) + d(F (y, x), F (v, u)) < ǫ.
Suppose that (i) the mapping F is continuous and has the mixed strict monotone property,
Then F has a coupled fixed point.
Fixed points of monotone contractions. Fixed point theorems of
Cirić-Matkowski and Proinov types for monotone contractions in partially ordered ν-generalized metric spaces can be deduced from a sequence of lemmas and propositions, similarly as it has been done in the setting of (ν-generalized) metric spaces in [1] and [2] . Hence, we just state the respective formulations, omitting the proofs. Theorem 1.6. Let (E, , d ν ) be a complete partially ordered ν-generalized metric space and T : E → E be a monotone contraction ofĆirić-Matkowski type, i.e., (1) the mapping T is nondecreasing,
, for x ≺ y (that is x y and x = y), (3) for every ǫ > 0, there exists δ > 0 such that
Then T has a fixed point provided there exists x 0 ∈ E such that x 0 T x 0 . Moreover, for any x ∈ E with x T x, the sequence {T n x} converges to a fixed point of T in the strong sense.
We also have a Proinov type fixed point theorem.
Theorem 1.7. Suppose that (E, , d ν ) is a complete partially ordered ν-generalized metric space, and that T : E → E is sequentially continuous and asymptotically regular, i.e.,
and that, for any ǫ > 0, there exist δ > 0 and N ∈ Z + such that, for all x, y ∈ E,
Then T has a fixed point provided there exists x 0 ∈ E such that x 0 T x 0 . Moreover, for any x ∈ E with x T x, the sequence {T n x} converges to a fixed point of T in the strong sense. Remark 1.8. Similarly as in various other known fixed point results in ordered spaces, the presented conditions are not sufficient to conclude that the fixed point is unique. An additional assumption is needed, and this can be either that arbitrary two elements of the fixed point set are comparable, or that there exists a third element, comparable with both of them. We do not go into details here, leaving them for the case of coupled fixed points in the next section.
1.4. Outline. The next (main) section is devoted to coupled fixed points, and is divided into three parts. In Subsection 2.1, we let E be a partially ordered metric space, and investigate the existence of coupled fixed points for different types of symmetric contractions on E. Our technique in this section involves considering induced metric and order on the set E = E × E and reducing a symmetric contraction F : E×E → E to a monotone contraction T : E → E and then applying results obtained in Section 1.3 to T . This technique appears in several papers. However, we will show that this method is not applicable in the case of partially ordered ν-generalized metric spaces (see further Example 2.2). Hence, in Subsection 2.2, we shall take a different approach to obtain coupled fixed point results in such spaces. Finally, in Subsection 2.3, we present a brief discussion of the uniqueness of coupled fixed points. We conclude by an illustrative example in the last subsection.
Coupled fixed points of symmetric contractions
In this section, we present coupled fixed point theorems for symmetric contractions on (ν-generalized) metric spaces. We start with the following definition of symmetric contractions ofĆirić-Matkowski type.
(1) for x u and y v, with (x, y) = (u, v),
for every ǫ > 0, there exists δ > 0 such that, for x u and y v,
To avoid repetitive writings and simplify calculations, the following convention seems to be convenient.
Convention. Let (E, , d ν ) be a partially ordered (ν-generalized) metric space. Set E = E × E and, for all elements x = (x, y) and u = (u, v) of E, define x ⊑ u if and only if x u and v y.
Clearly, (E, ⊑) is a partially ordered set. Define ρ ν :
Obviously, if (E, , d ν ) is a (complete) metric space then (E, ⊑, ρ ν ) is a (complete) metric space. In general, however, as the following example shows, if E is a ν-generalized metric space (ν ≥ 2) then (E, ρ ν ) may fail to be a ν-generalized metric space.
Example 2.2 ([8, Example 4.2])
. Let E = {a, b, c} and define
for all x, y ∈ E. Since four distinct points in E do not exist, the rectangular inequality is trivially satisfied. Hence, (E, d ν ) is a 2-generalized metric space, which is obviously not a metric space. Now, consider the mappings ρ + , ρ max : E × E → R + defined by
where x = (x, y) and u = (u, v). Then, for the quadrilateral
Hence, in both cases, rectangular inequality is not satisfied, and so (E, ρ + ) and (E, ρ max ) are not 2-generalized metric spaces.
The following notion of regularity for mappings F : E × E → E is needed in this section. Definition 2.3. Given x, y ∈ E, the mapping F : E × E → E is called asymptotically regular at x = (x, y) if the Picard iterates x n = F n (x, y) and y n = F n (y, x), defined by (1.1), satisfy the following condition
In the case of metric spaces, coupled fixed point results are usually obtained by considering the induced space (E, ⊑, ρ ν ) and reducing a symmetric contraction F : E × E → E to a monotone contraction T : E → E. This strategy, as Example 2.2 shows, does not work in the case of ν-generalized metric spaces. Hence, we shall take a different approach in this case.
2.1.
Coupled fixed points in partially ordered metric spaces. In this section, we assume that (E, , d) is a partially ordered metric space. Given a mapping F :
The following properties are straightforward. Theorem 2.4. Let (E, , d) be a complete partially ordered metric space. Suppose that F : E × E → E has the following properties.
(i) F is continuous and has the mixed strict monotone property,
Appl. Gen. Topol. 19, no. 2 (ii) F is a symmetric contraction ofĆirić-Matkowski type, (iii) there exist x 0 , y 0 ∈ E such that x 0 F (x 0 , y 0 ) and y 0 F (y 0 , x 0 ). Then F has a coupled fixed point.
Proof
and that, for any ǫ > 0, there exists δ > 0 such that, for x ⊑ u,
If F is asymptotically regular, then F has a coupled fixed point.
Proof. It is easily seen that
The assumptions of the theorem imply that
Hence T is a monotone contraction ofĆirić-Matkowski type on (E, ρ ν ) that satisfies all conditions of Theorem 1.7. Hence T has a fixed point which, in turn, implies that that F has a coupled fixed point.
2.2.
Coupled fixed points in partially ordered ν-generalized metric spaces. In this subsection, we assume that (E, , d ν ) is a partially ordered ν-generalized metric space. As Example 2.2 shows, the induced space (E, ⊑, ρ ν ) may not be a partially ordered ν-generalized metric space. Hence, we take a different approach to get coupled fixed point theorems. When we call a mapping F : E × E → E continuous (since, in general, we do not have a topological structure in E), we mean that F (x n , y n ) → F (x, y) in E whenever {x n } and {y n } are sequences in E such that x n → x and y n → y.
Lemma 2.6. Let {x n } and {y n } be two sequences in a ν-generalized metric space (E, d ν ) and let x n = (x n , y n ). The following statements are equivalent.
(i) Both {x n } and {y n } are ν-Cauchy sequences.
(ii) lim
Proof. This follows easily from Definition 1.2 and the following simple inequalities.
Lemma 2.7. Suppose that {x n } and {y n } are sequences in a ν-generalized metric space (E, d ν ) satisfying (2.4), each of which consists of mutually distinct elements. Suppose that, for every ǫ > 0 and for any two subsequences {x pi } and {x qi }, if lim sup
Then both {x n } and {y n } are Cauchy sequences.
Proof. First, we show that both {x n } and {y n } are ν-Cauchy. Towards a contradiction, assume that, for example, {x n } is not ν-Cauchy. Then condition (2.6) of Lemma 2.6 fails to hold. Therefore, for some ǫ > 0, we have
Condition ρ ν (x n , x n+1 ) → 0 implies the existence of a sequence {k i } of positive integers such that k i−1 < k i and
For each k i , by (2.10), there exist n i ≥ k i + 1 and m i ≥ 0 such that ρ ν (x ni , x ni+1+miν ) > ǫ. By (2.11), ρ ν (x ni , x ni+1 ) < ǫ. Hence, we must have m i ≥ 1. Let m i be the smallest number with this property so that ρ ν (x ni , x ni+1+miν−ν ) ≤ ǫ. Take p i = n i − 1 and q i = n i + m i ν. Then, for every i ≥ 1, we get q i > p i ≥ k i , and
Since both {x n } and {y n } consist of mutually different elements, property (3) in Definition 1.1 shows that, for every i ≥ 1,
The above two inequalities along with (2.11) and (2.13) imply that ρ ν (x pi , x qi ) ≤ 2νǫ/i + ǫ, for all i ≥ 1, from which we get lim sup i→∞ ρ ν (x pi , x qi ) ≤ ǫ. This along with (2.12) violate our assumption. Hence both {x n } and {y n } are ν-Cauchy. Finally, the assumption ρ ν (x n , x n+2 ) → 0 as n → ∞ implies that d ν (x n , x n+2 ) → 0 and d ν (y n , y n+2 ) → 0 as n → ∞. Proposition 1.3 now shows that both {x n } and {y n } are Cauchy sequences.
The following is aĆirić-Matkowski type coupled fixed point theorem in partially ordered ν-generalized metric spaces.
Theorem 2.8. Let (E, , d ν ) be a complete partially ordered ν-generalized metric space. If F : E × E → E is a symmetric contraction ofĆirić-Matkowski type satisfying conditions (i)-(ii) of Theorem 1.5, then F has a coupled fixed point.
Proof. Suppose that (1.2) holds for x 0 = (x 0 , y 0 ) and let x n = (x n , y n ) be the Picard iterates of F at x 0 defined by (1.1). Note that x p ⊑ x q if p ≤ q. In fact, x n = T n x 0 , n ≥ 1, where T is defined by (2.5). An argument similar to that of [2, Theorem 3.4] shows that ρ ν (x n , x n+1 ) + ρ ν (x n , x n+2 ) → 0. Now, let ǫ > 0 and assume that lim sup
Since F is a symmetric contraction ofĆirić-Matkowski type, by (2.2), there exists δ > 0 such that
By [1, Lemma 3.1], there is N ∈ N, such that
Now, Lemma 2.7 shows that the sequences {x n } and {y n } are both Cauchy sequences. Since E is complete, there exist x and y in E such that x n → x and y n → y. Since F is continuous, we conclude that F (x, y) = x and F (y, x) = y, so that (x, y) is a coupled fixed point.
The following is a Proinov type coupled fixed point result in the setting of partially ordered ν-generalized metric spaces.
Theorem 2.9. Let (E, , d ν ) be a complete partially ordered ν-generalized metric space. Given F : E × E → E, define m : E × E → R + by (2.6), and assume that (2.8) hold. If F is asymptotically regular and satisfies conditions (i)-(ii) of Theorem 1.5, then F has a coupled fixed point.
Proof. Suppose that (1.2) holds for x 0 = (x 0 , y 0 ) and let x n = (x n , y n ) be the Picard iterates of F at x 0 defined by (1.1). Note that x p ⊑ x q if p ≤ q. Since F is asymptotically regular, we have (2.14)
Let {x pi } and {x qi } be two subsequences of {x n }. Then
Since ρ ν (x n , x n+1 ) → 0, we get
Note that by (2.14) we get d ν (x n , x n+1 ) → 0 and d ν (y n , y n+1 ) → 0. Also, by the condition (1.2) and the strict mixed monotone property of F , we have that the sequences {x n } and {y n } consist of mutually distinct terms. Now, let ǫ > 0 and assume that lim sup 
All conditions of Lemma 2.7 are fulfilled and so the sequences {x n } and {y n } are both Cauchy sequences. Since E is complete, there exist x and y in E such that x n → x and y n → y. Since F is continuous, we conclude that F (x, y) = x and F (y, x) = y, so that (x, y) is a coupled fixed point.
2.3.
Uniqueness. In order to obtain the uniqueness of coupled fixed point in the previous results, we need some additional assumption. We formulate it just in the case of Theorem 2.8. Proposition 2.10. Let (E, , d ν ) and F be as in Theorem 2.8 and let CF ix(F ) be the set of coupled fixed points of F . Then any two comparable elements of CF ix(F ) (in the sense of order ⊑) are equal. In particular, if all the elements of CF ix(F ) are comparable, then this set reduces to a singleton.
Proof. Suppose, to the contrary, that there exist two distinct coupled fixed points (x, y) and (u, v) of F which are comparable, e.g., (x, y) ⊑ (u, v) and (x, y) = (u, v). Then by (2.1) we get that Consider a mapping F : E × E → E given by F (x, x) = a, for all x ∈ E, F (a, b) = F (b, a) = a, and F (x, y) = c otherwise. It is easy to see that all conditions of Theorem 2.8 are satisfied. In particular, the only nontrivial case when conditions (2.1) and (2.2) have to be checked (i.e., when x u, y v and (x, y) = (u, v)) is when (x, y) = (a, a) and (u, v) = (b, a). It is easily seen that both of them are then satisfied. 
Take the usual order ≤ on E. Then (E, ≤, d ν ) is a complete, partially ordered, 2-generalized metric space which is not a metric space. Note that if we define ρ ν on E = E × E by (2. Thus, all the conditions of Theorem 2.9 are fulfilled and we conclude that F has a (unique) coupled fixed point (which is (0, 0) ).
